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LIEB–THIRRING CONSTANT ON THE SPHERE AND ON
THE TORUS
ALEXEI ILYIN, ARI LAPTEV, AND SERGEY ZELIK
Abstract. We prove on the sphere S2 and on the torus T2 the Lieb–
Thirring inequalities with improved constants for orthonormal families
of scalar and vector functions.
1. Introduction
The Lieb–Thirring inequalities [12] give estimates for γ-moments of the
negative eigenvalues of the Schro¨dinger operator −∆− V in L2(Rd), where
V = V (x) ≥ 0: ∑
λi≤0
|λi|γ ≤ Lγ,d
∫
Rd
V (x)γ+d/2dx. (1.1)
In the case γ = 1 estimate (1.1) is equivalent to the dual inequality∫
Rd
ρ(x)1+2/ddx ≤ kd
N∑
j=1
‖∇ψj‖2, (1.2)
where ρ(x) is as in (1.4), and {ψj}Nj=1 ∈ H1(Rd) is an arbitrary orthonormal
system. Furthermore the (sharp) constants kd and L1,d satisfy
kd = (2/d)(1 + d/2)
1+2/dL
2/d
1,d . (1.3)
Sharp constants in (1.1) were found in [9] for γ ≥ 3/2, while for a long
time the best available estimates for 1 ≤ γ < 3/2 were those found in [2].
Very recently an important improvement in the area was made in [3], where
the original idea of [14] was developed and extended in a substantial way.
Inequality (1.2) plays an important role in the theory of the Navier–
Stokes equations [10, 1, 16], where the constant k2 enters the estimates of
the fractal dimension of the global attractors of the Navier–Stokes system
in various two-dimensional formulations. (In the three-dimensional case the
corresponding results are of a conditional character.)
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Along with the problem in a bounded domain Ω ⊂ R2 with Dirichlet
boundary conditions the Navier–Stokes system is also studied with periodic
boundary conditions, that is, on a two-dimensional torus. In this case for
the system to be dissipative one has to impose the zero mean condition on
the components of the velocity vector over the torus.
Another physically relevant model is the Navier–Stokes system on the
sphere. In this case the system is dissipative without extra orthogonality
conditions. However, if we want to study the system in the form of the
scalar vorticity equation, then the scalar stream function of a divergence
free vector field is defined up to an additive constant, and without loss
of generality we can (and always) assume that the integral of the stream
function over the sphere vanishes.
We can formulate our main result as follows.
Theorem 1.1. Let M denote either S2 or T2, and let H˙1(M) be the Sobolev
space of functions with mean value zero. Let {ψj}Nj=1 ∈ H˙1(M) be an or-
thonormal family in L2(M). Then
ρ(x) :=
N∑
j=1
|ψj(x)|2 (1.4)
satisfies the inequality ∫
M
ρ(x)2dM ≤ k
N∑
j=1
‖∇ψj‖2, (1.5)
where
k ≤ 3π
32
= 0.2945 . . . .
Corollary 1.1. Setting N = 1 and ψ = ϕ/‖ϕ‖ we obtain the interpola-
tion inequality which is often called the Ladyzhenskaya inequality (in the
context of the Navier–Stokes equations) or the Keller–Lieb–Thirring one-
bound-state inequality (in the context of the spectral theory):
‖ϕ‖4L4 ≤ kLad‖ϕ‖2‖∇ϕ‖2, kLad ≤ kLT.
Remark 1.1. The previous estimate of the Lieb–Thirring constant on T2
and S2 obtained in [19] and [8] by means of the discrete version of the
method of [14] was:
k ≤ 3
2π
= 0.477 .
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Remark 1.2. In all cases M = S2,T2, or R2 the Lieb–Thirring constant
satisfies the (semiclassical) lower bound
0.1591 · · · = 1
2π
≤ kLT.
In R2 the sharp value of kLad was found in [17] by the numerical solution of
the corresponding Euler–Lagrange equation
kLad =
1
π · 1.8622 . . . = 0.1709 . . . ,
while the best to date closed form estimate for this constant was obtained
in [13]
kLad ≤ 16
27π
= 0.188 . . . ,
see also [11, Theorem 8.5] where the equivalent result is obtained for the
inequality in the additive form.
2. Lieb–Thirring inequalities on S2
We begin with the case of a sphere and first consider the scalar case. We
recall the basic facts concerning the spectrum of the scalar Laplace operator
∆ = div∇ on the sphere S2:
−∆Y kn = n(n + 1)Y kn , k = 1, . . . , 2n+ 1, n = 0, 1, 2, . . . . (2.1)
Here the Y kn are the orthonormal real-valued spherical harmonics and each
eigenvalue Λn := n(n+ 1) has multiplicity 2n + 1.
The following identity is essential in what follows [15]: for any s ∈ S2
2n+1∑
k=1
Y kn (s)
2 =
2n+ 1
4π
. (2.2)
Theorem 2.1. Let {ψj}Nj=1 ∈ H1(S2) be an orthonormal family of scalar
functions with zero average:
∫
S2
ψj(s)dS = 0. Then ρ(s) :=
∑N
j=1 |ψj(s)|2
satisfies the inequality ∫
S2
ρ(s)2dS ≤ 3π
32
N∑
j=1
‖∇ψj‖2. (2.3)
Proof. We use the discrete version of the recent important far-going im-
provement [3] of the approach of [14].
Let f be a smooth non-negative function on R+ with∫ ∞
0
f(t)2dt = 1, (2.4)
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and therefore for any a > 0
a =
∫ ∞
0
f(E/a)2dE. (2.5)
Expanding a function ψ with
∫
S2
ψ(s)dS = 0 in spherical harmonics
ψ(s) =
∞∑
n=1
2n+1∑
k=1
ψknY
k
n (s), ψ
k
n =
∫
S2
ψ(s)Y kn (s)dS = (ψ, Y
k
n )
and observing that the summation starts with n = 1 we see using (2.5) that
‖∇ψ‖2 =
∫
S2
|∇ψ(s)|2dS =
∞∑
n=1
n(n + 1)
2n+1∑
k=1
|ψkn|2 =
=
∫ ∞
0
∞∑
n=1
f
(
E
n(n+ 1)
)2 2n+1∑
k=1
|ψkn|2dE =
=
∫ ∞
0
∫
S2
|ψE(s)|2dSdE =
∫
S2
∫ ∞
0
|ψE(s)|2dEdS,
(2.6)
where
ψE(s) =
∞∑
n=1
2n+1∑
k=1
f
(
E
n(n+ 1)
)
ψkn Y
k
n (s).
Returning to the family {ψj}Nj=1 we have for any ε > 0
ρ(s) =
N∑
j=1
|ψj(s)|2 =
=
N∑
j=1
|ψEj (s)|2 + 2
N∑
j=1
ψEj (s)(ψj(s)− ψEj (s)) +
N∑
j=1
|ψj(s)− ψEj (s)|2 ≤
≤ (1 + ε)
N∑
j=1
|ψEj (s)|2 + (1 + ε−1)
N∑
j=1
|ψj(s)− ψEj (s)|2.
For each term in the second sum we have
ψ(s)− ψE(s) =
∞∑
n=1
2n+1∑
k=1
ψkn
(
1− f
(
E
n(n+ 1)
))
Y kn (s) =
(
ψ(·), χE(·, s)),
where
χE(s′, s) =
∞∑
n=1
2n+1∑
k=1
(
1− f
(
E
n(n+ 1)
))
Y kn (s
′)Y kn (s).
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Since the ψj ’s are orthonormal, we have by Bessel’s inequality
N∑
j=1
|ψj(s)− ψEj (s)|2 =
N∑
j=1
(
ψj(·), χE(·, s)
)2 ≤ ‖χE(·, s)‖2,
where in view of (2.2) ‖χE(·, s)‖2, in fact, is independent of s:
‖χE(·, s)‖2 =
∞∑
n=1
2n+1∑
k=1
(
1− f
(
E
n(n + 1)
))2
Y kn (s)
2 =
=
1
4π
∞∑
n=1
(2n+ 1)
(
1− f
(
E
n(n+ 1)
))2
.
(2.7)
We now specify the choice of f by setting (see [3], [4])
f(t) =
1
1 + µt2
, µ =
π2
16
. (2.8)
The function f so chosen solves the minimization problem∫
R2
(
1− f(1/|ξ|2))2 dξ =π ∫ ∞
0
(1− f(t))2t−2dt→ min
under condition
∫ ∞
0
f(t)2dt = 1,
and the above integral over R2 corresponds to the series on the right-hand
side in (2.7) (see also (3.1)).
We first observe that (2.4) is satisfied and secondly, in view of the estimate
for the series in the Appendix
‖χE(·, s)‖2 = 1
4π
∞∑
n=1
(2n+ 1)(
1 +
(
1√
µE
n(n + 1)
)2)2 <
<
1
4π
√
µE
∫ ∞
0
dt
(1 + t2)2
=
1
4π
√
µE
π
4
=
π
64
E =: AE .
(2.9)
Hence
ρ(s) ≤ (1 + ε)
N∑
j=1
|ψEj (s)|2 + (1 + ε−1)AE. (2.10)
Optimizing with respect to ε we obtain
ρ(s) ≤


√√√√ N∑
j=1
|ψEj (s)|2 +
√
AE


2
,
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which gives that
N∑
j=1
|ψEj (s)|2 ≥
(√
ρ(s)−
√
AE
)2
+
.
Summing equalities (2.6) from j = 1 to N we obtain
N∑
j=1
‖∇ψj‖2 =
∫
S2
∫ ∞
0
N∑
j=1
|ψEj (s)|2dEdS ≥∫
S2
∫ ∞
0
(√
ρ(s)−
√
AE
)2
+
dEdS =
1
6A
∫
S2
ρ(s)2dS =
32
3π
∫
S2
ρ(s)2dS.
The proof is complete. 
Remark 2.1. The constant k in the theorem satisfies the (semiclassical)
lower bound
k ≥ 1
2π
, (2.11)
which can easily be proved in our particular case of S2. In fact, we take for
the orthonormal family the eigenfunctions Y kn with n = 1, . . . , N − 1, and
k = 1, . . . , 2n+ 1, so that
N−1∑
n=1
(2n+ 1) = N2 − 1 and
N−1∑
n=1
(2n+ 1)n(n+ 1) =
1
2
N2(N2 − 1),
then (1.5) and the Cauchy inequality give (2.11), since
(N2 − 1)2 =
(∫
S2
ρ(s)dS
)2
≤ 4π‖ρ‖2 ≤ 2πkN2(N2 − 1).
2.1. The vector case. The vector case is similar, and the key identity (2.2)
is replaced by vector analogue (see [5]): for any s ∈ S2
2n+1∑
k=1
|∇Y kn (s)|2 = n(n+ 1)
2n+ 1
4π
. (2.12)
In the vector case by the Laplace operator acting on (tangent) vector
fields on S2 we mean the Laplace–de Rham operator −dδ − δd identifying
1-forms and vectors. Then for a two-dimensional manifold (not necessarily
S
2) we have [5]
∆u = ∇ div u− rot rotu, (2.13)
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where the operators ∇ = grad and div have the conventional meaning. The
operator rot of a vector u is a scalar and for a scalar ψ, rotψ is a vector:
rotu := div(u⊥), rotψ := ∇⊥ψ, (2.14)
where in the local frame u⊥ = (u2,−u1).
Integrating by parts we obtain
(−∆u, u) = ‖ rotu‖2 + ‖ div u‖2. (2.15)
The vector Laplacian has a complete in L2(TS
2) orthonormal basis of
vector eigenfunctions: corresponding to the eigenvalue Λn = n(n+1), where
n = 1, 2, . . . , there are two families of 2n + 1 orthonormal vector-valued
eigenfunctions wkn(s) and v
k
n(s)
wkn(s) = (n(n+ 1))
−1/2∇⊥Y kn (s), −∆wkn = n(n + 1)wkn, divwkn = 0;
vkn(s) = (n(n+ 1))
−1/2∇Y kn (s), −∆vkn = n(n + 1)vkn, rot vkn = 0,
(2.16)
where k = 1, . . . , 2n+1, and (2.12) gives the following important identities:
for any s ∈ S2
2n+1∑
k=1
|wkn(s)|2 =
2n+ 1
4π
,
2n+1∑
k=1
|vkn(s)|2 =
2n+ 1
4π
. (2.17)
We finally observe that −∆ is strictly positive −∆ ≥ Λ1I = 2I.
Theorem 2.2. Let {uj}Nj=1 ∈ H1(TS2) be an orthonormal family of vector
fields in L2(TS2). Then∫
S2
ρ(s)2dS ≤ 3π
16
N∑
j=1
(‖ rotuj‖2 + ‖ div uj‖2), (2.18)
where ρ(s) =
∑N
j=1 |uj(s)|2. If, in addition, div uj = 0 (or rotuj = 0), then
∫
S2
ρ(s)2dS ≤ 3π
32
·


N∑
j=1
‖ rotuj‖2, div uj = 0,
N∑
j=1
‖ div uj‖2, rotuj = 0.
(2.19)
Proof. We prove the first inequality in (2.19), the proof of the second is
similar. Expanding a vector function u with div u = 0 in the basis wkn
u(s) =
∞∑
n=1
2n+1∑
k=1
uknw
k
n(s), u
k
n = (u, w
k
n),
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we have instead of (2.6)
‖ rotu‖2 =
∞∑
n=1
n(n+ 1)
2n+1∑
k=1
|ukn|2 =
=
∫ ∞
0
∞∑
n=1
f
(
E
n(n+ 1)
)2 2n+1∑
k=1
|ukn|2dE =
∫
S2
∫ ∞
0
|uE(s)|2dEdS,
(2.20)
where
uE(s) =
∞∑
n=1
2n+1∑
k=1
f
(
E
n(n + 1)
)
uknw
k
n(s).
As before
ρ(s) ≤ (1 + ε)
N∑
j=1
|uEj (s)|2 + (1 + ε−1)
N∑
j=1
|uj(s)− uEj (s)|2.
We now imbed S2 into R3 in the natural way and use the standard basis
{e1, e2, e3} and the scalar product 〈·, ·〉 in R3. Then we see that
〈u(s)− uE(s), e1〉 =
∞∑
n=1
2n+1∑
k=1
ukn
(
1− f
(
E
n(n+ 1)
))
〈wkn(s), e1〉 =
(
u(·), χE1 (·, s)
)
,
where the vector function
χE1 (s
′, s) =
∞∑
n=1
2n+1∑
k=1
(
1− f
(
E
n(n+ 1)
))
wkn(s
′)〈wkn(s), e1〉.
By orthonormality and Bessel’s inequality
N∑
j=1
|uj(s)− uEj (s)|2 =
N∑
j=1
3∑
l=1
|〈uj(s)− uEj (s), el〉|2 =
=
3∑
l=1
N∑
j=1
(
uj(·), χEl (·, s)
)2 ≤ 3∑
l=1
‖χEl (·, s)‖2.
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However, in view of (2.17), the right hand side is again independent of s
3∑
l=1
‖χEl (·, s)‖2 =
∞∑
n=1
(
1− f
(
E
n(n + 1)
))2 2n+1∑
k=1
3∑
l=1
|〈wkn(s), el〉|2 =
=
∞∑
n=1
(
1− f
(
E
n(n + 1)
))2 2n+1∑
k=1
|wkn(s)|2 =
=
1
4π
∞∑
n=1
(2n+ 1)
(
1− f
(
E
n(n + 1)
))2
,
and we complete the proof in exactly the same way as we have done in the
proof of Theorem 2.1 after (2.7). Finally, in the proof of inequality (2.18)
both families of vector eigenfunctions (2.16) play equal roles, and the con-
stant is increased by the factor of two. 
This, however, does not happen for a single vector function.
Corollary 2.1. Let u ∈ H1(TS2). Then
‖u‖4L4 ≤ ~kLad‖u‖2
(‖ rotu‖2 + ‖ div u‖2) , ~kLad ≤ 3π
32
. (2.21)
Proof. The proof is based on the equivalence (1.1)γ=1 ⇔(1.2) with equal-
ity for the constants (1.3) and the fact that the eigenvalues of the vector
Schro¨dinger operator on S2
Av = −∆v − V v (2.22)
have even multiplicities as the following equality implies (see (2.13), (2.14))
∆(v⊥) = (∆v)⊥.
Now let u in (2.21) be normalized, ‖u‖ = 1, let V (s) = α|u(s)|2, α > 0, and
let E be the lowest eigenvalue of (2.22). If E < 0, then since E is counted
at least twice in the sum
∑
λj≤0 λj, it follows that
E ≥ 1
2
∑
λj≤0
λj ≥ −1
2
L1
∫
S2
V (s)2dS = −α2 1
2
L1‖u‖4L4, (2.23)
where the second inequality is (1.1) with
L1 ≤ 1
4
· 3π
16
,
in view of (1.3) and (2.18). If E ≥ 0, then (2.23) also formally holds.
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Next, by the variational principle
E ≤ (Au, u) = ‖ rotu‖2 + ‖ div u‖2 −
∫
S2
V (s)|u(s)|2dS =
‖ rotu‖2 + ‖ div u‖2 − α‖u‖4L4.
(2.24)
Combining (2.23) and (2.24) and setting optimal α = 1/L1 we finally obtain
‖u‖4L4 ≤ 2L1
(‖ rotu‖2 + ‖ div u‖2) ≤ 3π
32
(‖ rotu‖2 + ‖ div u‖2) .

Remark 2.2. It is worth pointing out that and for any domain on the
sphere Ω ⊆ S2 and an orthonormal family {uj}Nj=1 ∈ H10 (Ω, TS2) extension
by zero shows that the corresponding Lieb–Thirring constants are uniformly
bounded by the constants on the whole sphere whose estimates were found
in Theorem 2.2 and Corollary 2.1.
3. Lieb–Thirring inequalities on T2
We now prove Theorem 1.1 for the 2D torus. We first consider the torus
with equal periods and without loss of generality we set T2 = [0, 2π]2.
Proof of Theorem 1.1 for T2. We use the Fourier series
ψ(x) =
1
2π
∑
k∈Z2
0
ψke
ik·x, ψk =
1
2π
∫
T2
ψ(x)e−ik·xdx, Z20 = Z
2 \ {0, 0},
so that
‖ψ‖2 =
∑
k∈Z2
0
|ψk|2, ‖∇ψ‖2 =
∑
k∈Z2
0
|k|2|ψk|2.
Then as before we have
‖∇ψ‖2 =
∫ ∞
0
∑
k∈Z2
0
f
(
E
|k|2
)2
|ψk|2dE =
∫
T2
∫ ∞
0
|ψE(x)|2dEdx,
where
ψE(x) =
1
2π
∑
k∈Z2
0
f
(
E
|k|2
)
ψke
ik·x,
and therefore
ψ(x)− ψE(x) = 1
2π
∑
k∈Z2
0
(
1− f
(
E
|k|2
))
ψke
ik·x = (ψ(·), χE(·, x)),
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where
χE(x′, x) =
1
2π
∑
k∈Z2
0
(
1− f
(
E
|k|2
))
eik·x
′
e−ik·x.
With the choice of f given in (2.8) and setting a =
√
µE below, we have
‖χE(·, x)‖2 = 1
4π2
∑
k∈Z2
0
(
1− f
(
E
|k|2
))2
=
=
1
4π2
∑
k∈Z2
0
1((
|k|√
a
)4
+ 1
)2 < a16 = π64E =: AE,
(3.1)
where the key inequality for series is proved in the Appendix.
At this point we can complete the proof as in Theorem 2.1. 
3.1. Elongated torus. We now briefly discuss the Lieb–Thirring constant
on a 2D torus with aspect ratio α. Since the Lieb–Thirring constant depends
only on α, we consider the torus T2α = [0, 2π/α]× [0, 2π]. Furthermore, it
suffices to consider the case α ≤ 1, since otherwise we merely interchange
the periods.
Theorem 3.1. The Lieb–Thirring constant on the elongated torus T2α sat-
isfies the bound
kLT(T
2
α) ≤
1
α
3π
32
as α→ 0. (3.2)
Proof. We shall prove (3.2) under an additional technical assumption that
k = 1/α ∈ N. Given the orthonormal family {ψj}Nj=1 ∈ H˙1(T2α), we extend
each ψj by periodicity in the x2 direction k times, multiply the result by
√
α
and denote the resulting function defined on the square torus T2 = [0, 2πk]2
by ψ˜j . Then the family {ψ˜j}Nj=1 is orthonormal in L2(T2) and for ρψ˜(x) =∑N
j=1 |ψ˜j(x)|2 and ρψ(x) =
∑N
j=1 |ψj(x)|2 it holds∫
T2
ρψ˜(x)
2dx = α
∫
T2α
ρψ(x)
2dx,
∫
T2
|∇ψ˜j(x)|2dx =
∫
T2α
|∇ψj(x)|2dx,
which gives (3.2). 
Remark 3.1. The rate of growth 1/α of the Lieb–Thirring constant is sharp
as α→ 0. To see this we set N = 1 and consider a function on T2α depending
on the long coordinate x1 only. For example, let ψ(x1, x2) = sin(2παx1).
Then ‖ψ‖4L4 ∼ 1/α (= 3pi
2
2α
), ‖ψ‖2L2 ∼ 1/α (= 2pi
2
α
), ‖∇ψ‖2L2 ∼ α (= 2π2α).
Therefore kLT(T
2
α)  1/α (≥ 1α 38pi2 ).
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Remark 3.2. The orthogonal complement to the subspace of functions
depending only on the long coordinate x1 consists of functions ψ(x1, x2)
with mean value zero with respect to the short coordinate x2:∫ 2pi
0
ψ(x1, x2)dx2 = 0 ∀x1 ∈ [0, 2π/α]. (3.3)
The Lieb–Thirring constant on this subspace is bounded uniformly with
respect to α as α → 0. The similar result holds for the multidimensional
torus with different periods. See [7] for the details.
Remark 3.3. The lifting argument of [9] was used in [7] to derive the Lieb–
Thirring inequalities on the multidimensional with pointwise orthogonality
condition of the type (3.3). It is not clear how to use the lifting argument
in the case of a global (and weaker) orthogonality contition
∫
Td
ψ(x)dx = 0.
Finally, we do not know whether the lifting argument can in some form
be used for the Lieb–Thirring inequalities on the sphere, say, when going
over from Sd−1 to Sd.
4. Appendix. Estimates of the series
Estimate for the sphere. The series estimated in (2.9) is precisely of the
type
G(ν) :=
∞∑
n=1
(2n+ 1)g (ν n(n + 1)) , (4.1)
where g is sufficiently smooth and sufficiently fast decays at infinity. We
need to find the asymptotic behavior of G(ν) as ν → 0. This has been done
in [18] where the following result was proved.
Lemma 4.1. The following asymptotic expansion holds as ν → 0:
G(ν) =
1
ν
∫ ∞
0
g(t)dt− 2
3
g(0)− 1
15
νg′(0) +
4
315
ν2g′′(0) +O(ν3). (4.2)
The series in (2.9) is of the form (4.1) with
g(t) =
1
(1 + t2)2
, ν =
1√
µE
,
so that g(0) = 1, g′(0) = 0, g′′(0) = −4 and ∫∞
0
g(t)dt = π/4. Therefore
(4.2) gives
∞∑
n=1
(2n+ 1)(
1 +
(
n(n+1)
a
)2)2 = aπ4 − 23 − 16315a−2 +O(a−3), as a→∞,
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which shows that inequality (2.9) clearly holds for large energies E > E0.
The proof of inequality (2.9) for all E ∈ [0,∞) amounts to showing that
the inequality
HS2(a) :=
4
π
a3
∞∑
n=1
2n+ 1((
n(n+ 1)
)2
+ a2
)2 < 1, a = √µE = π4E
holds on a finite interval a ∈ [0, a0]. The value of a0 (say, 20) can be
specified similarly to [6]. Furthermore, the sum of the series can be found
in an explicit form in terms of the (digamma) ψ-function. The function
HS2(a) and the third-order remainder term are shown in Fig. 1.
0 5 10 15 20
0
0.2
0.4
0.6
0.8
1
0 5 10 15 20
−0.4
−0.2
0
0.2
0.4
0.6
Figure 1. The graph of HS2(a) is on the left; the remain-
der term
(
HS2(a)− 1− 83pia
) · a3 is shown on the right, the
horizontal red line is −64/(315π) = −0.064.
Estimate for the torus.
Lemma 4.2. The following asymptotic expansion holds as a→∞:∑
k∈Z2
0
1((
|k|√
a
)4
+ 1
)2 = π24 a− 1 +O(e−C
√
a). (4.3)
Proof. We use the Poisson summation formula (see, e. g., [15]):∑
m∈Zd
f(m/ν) = (2π)d/2νd
∑
m∈Zd
f̂(2πmν),
where f̂(ξ) = (2π)−d/2
∫
Rd
f(x)e−iξxdx.
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Taking into account that the term with k = (0, 0) is missing in (4.3), the
Poisson summation formula gives ∑
k∈Z2
0
1((
|k|√
a
)4
+ 1
)2 + 1 =
= a
∫
R2
dxdy
((x2 + y2)2 + 1)2
+ 2πa
∑
k∈Z2
0
ĥ(2π
√
a|k|) = π
2
4
a+O(e−C
√
a),
(4.4)
where h(x, y) = 1
((x2+y2)2+1)2
is analytic and therefore its Fourier transform
ĥ(ξ) =
1
2π
∫
R2
e−ixξ1−iyξ2h(x, y)dxdy (4.5)
is exponentially decaying. 
The graph of the function
HT2(a) :=
4
π2
a3
∑
k∈Z2
0
1(|k|4 + a2)2 < 1, (4.6)
and the exponentially small remainder term
R(a) = 2πa
∑
k∈Z2
0
ĥ(2π
√
a|k|)
are shown in Fig. 2
0 5 10 15 20
0
0.2
0.4
0.6
0.8
1
0 5 10 15 20
−0.4
−0.2
0
0.2
0.4
0.6
0.8
1
Figure 2. The function HT2(a) is shown on the left; the
exponentially small term R(a) is shown on the right.
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We now give an explicit estimate for the exponentially small remainder
term in (4.4). The function h(z) is analytic in the domain Ω ⊂ C2: Ω =
{z ∈ C2, |Imz1| < 12 , |Imz2| < 12}. In fact, the equation
(x+ iα)2 + (y + iα)2 = ±i
has real solutions x and y only for α ≥ 1
2
.
For F (x, y, α) = ((x+ iα)2 + (y + iα)2)2 + 1 we have
ReF = (x2 + y2)2 − 8α2(x2 + y2 + xy) + 4α4 + 1 ≥ t2 − 12α2t + 4α4 + 1,
ImF = 4a(x+ y)(x2 + y2 − 2α2), |ImF | ≤ 4
√
2αt1/2|t− 2α2|,
where t := x2 + y2. Next, by a direct inspection we verify that for t ≥ 0
|F 2| ≥ (ReF )2 − (ImF )2 =
(t2 − 12α2t+ 4α4 + 1)2 − 32α2t(t− 2a2)2 > 1
b
(t4 + 1),
where α = 4.6−1 and b = 4.75. This gives that for |Imz1| ≤ α, |Imz2| ≤ α
|h(x+ iα, y + iα)| ≤ b
(x2 + y2)4 + 1
.
By the Cauchy integral theorem we can shift the x and y integration in
(4.5) in the complex plane by ±iα (depending on the sign of ξ1 and ξ2) and
find that
|ĥ(ξ)|≤ b
2π
e−(|ξ1|+|ξ2|)α
∫
R2
dxdy
(x2 + y2)4 + 1
= e−(|ξ1|+|ξ2|)α
bπ
√
2
8
≤ e−α|ξ| bπ
√
2
8
.
We write the numbers |k|2 over the lattice Z20 in non-decreasing order
and denote them by {λj}∞j=1. Using that λj ≥ j/4 (see [8]) and setting
L := αpi
√
a
2
and A := pi
2
√
2ab
4
we estimate the series in (4.4) as follows
|R(a)| ≤ 2πa
∑
k∈Z2
0
|ĥ(2π√a|k|)| = 2πa
∞∑
j=1
|ĥ(2π√aλ1/2j )| ≤
A
∞∑
j=1
e−2piα
√
aλ
1/2
j ≤ A
∞∑
j=1
e−2Lj
1/2
= Ae−L
∞∑
j=1
e−L(2j
1/2−1) ≤
Ae−L
∞∑
j=1
e−Lj
1/2
< Ae−L
∫ ∞
0
e−L
√
xdx = Ae−L
2
L2
=
23/2b
α2
e−
αpi
√
a
2 .
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Inequality (4.6) holds ifR(a) < 1. The above estimates show that |R(a)| < 1
for
a >
[
2
απ
log
(
23/2b
α2
)]2
= 273.8 .
A more optimistic estimate follows from the fact that h(x) is radial and
therefore so is its Fourier transform
ĥ(ξ) =
∫ ∞
0
J0(|ξ|r)h(r)rdr,
where J0 is the Bessel function. The latter integral is expressed in terms of
the Meijer G-function and satisfies |ĥ(ξ)| < e−|ξ|/2. Similar estimates give
that |R(a)| < 1 for
a >
[
4
π
log
64
π
]2
= 14.73 .
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